In this paper, we will propose a Slacks-Based measure (SBM) of efficiency in DEA. This scalar measure deals directly with the input surplus and the output shortage of the decision making unit (DMU) concerned. It is unit invariant and monotone decreasing with respect to input surplus and output shortage. Furthermore, this measure is decided only by consulting with the reference set of the DMU and is not affected by statistics over the whole data set. The new measure has a close connection with other measures proposed so far, e.g., CCR and BCC. The dual side of this model can be interpreted as profit maximization, in contrast to the ratio maximization of the CCR model. Numerical experiments show its validity as an efficiency measurement tool and its compatibility with other measures of efficiency.
Introduction
Since the innovative work by Charnes, Cooper and Rhodes (1978) , studies in Data Envelopment Analysis (DEA) have been extensive: more than one thousand papers by 1996. A main objective of DEA is to measure the efficiency of a Decision Making Unit (DMU) by a scalar measure, ranging between 'Graduate School of Policy Science, Saitama University, Urawa, Saitama 338, Japan. e-mail: tone@poli-sci.saitama-u. is called CCR-efficient. Otherwise, the DMU has a disadvantage against the DMUs in its reference set. Therefore, in discussing total efficiency, it is important to observe both the ratio efficiency and the slacks. Some attempts have been done to unify B* and slacks into a scalar measure, see Tone (1993) , Pastor (1995) among others.
Meanwhile, Charnes et al. (1985) developed the Additive model of DEA that deals directly with input surplus and output shortage. This model has no scalar measure (ratio efficiency) per se. Although this model can discriminate efficient and inefficient DMUs by the existence of slacks, it has no means to gauge the depth of inefficiency similar to B* in the CCR model. In an attempt to define inefficiency based on the slacks, Pastor (1996) , Lovell and Pastor (1995) , Cooper and Tone (1997) , Thrall (1997) and others have proposed several formulae for finding a scalar measure. The following properties are considered as important in designing the measures.
• Pl) Unit invariant : The measure should be invariant with respect to the unit of data.
• P2) Monotone: The measure should be monotone decreasing in each slack in input and output.
• P3) Translation invariant: The measure should be invariant under parallel translation of the coordinate system applied. (Ali and Seiford (1990) and Pastor (1996) .)
In this paper, we further introduce a new property below:
• P4) reference set dependent : The measure should be decided only by consulting with the reference set of the DMU concerned and should not be affected by the minimum and/or the maximum of the whole data set. The concrete meanings of this idea will be clarified in Section 2.
Since the minimum and the maximum of data fluctuate largely depending on the selection of DMUs to be compared, the measures using these extreme values are influenced by the selection. One of the reasons why we propose this property is that, in DEA, an inefficient DMU is 'inefficient' with respect to DMUs in its reference set. Therefore, the measure of efficiency should be decided by the reference set dependent values and should not be influenced by the extreme values and by the statistics over the whole data set.
The new measure proposed in this paper satisfies the properties Pl), P2) and P4 
A Slacks-Based Measure of Efficiency
The definition of a Slacks-Based measure of efficiency (SBM) will be given, along with its interpretation as the product of input and output inefficiencies.
Definition and Computational Scheme of SBM
We will deal with n DMUs (Decision Making Units) with the input and output matrices X = (x;i) E R!"xn and Y = (Y;i) E Rsxn, respectively. We assume that the data set is positive, i.e., X >0 and Y >0
1 .
The production possibility set P is defined as 1 This assumption will be relaxed in Section 7. 2 We can impose some constraints on >., such as LJ=I >.; = 1 (the BCC model), if it is needed to modify the production possibility set.
(2)
We consider an expression for describing a certain DMU 
.
It can be verified that p satisfies the properties Pl) (unit invariant) and P2) (monotone). Furthermore, from (4), it holds (6) O<p~l.
In an effort to estimate the efficiency of (x 0 , y 0 ), we formulate the following fractional program in>.., s-ands+. 
[LP] minr subject to 1 , ,
Then, we have an optimal solution of [SBM] as defined by, Based on this optimal solution, we decide a DMU as SBM-efficient as follows:
This condition is equivalent to s-• = 0 and s+• = 0, i.e., no input surplus and no output shortage in any optimal solution.
For an SBM inefficient DMU (x 0 ,y 0 ), we have the expression:
The DMU (x 0 , y 0 ) can be improved and becomes efficient by deleting the input surplus and augmenting the output shortage as follows: In the occurrence of multiple optimal solutions, the reference set is not unique. We can choose any one for our purpose.
The reference set R 0 is (13) Ro={jl.Xj>O} (jE{l, ... ,n}).
Using R 0 , we can express (xo, y 0 ) by,
Xo - The measure 1-RAM satisfies properties Pl) and P2), and further P3), if the condition I:>.; = 1 is added. Thus, in the latter case, it can deal with negative inputs and outputs. So far, it has good properties 3 . However, RAM is largely affected by the range of the data set, as we see from the definition.
The range changes by addition and/or deletion of the extreme data, which often occurs in empirical studies. This dependency on the extreme values is, in a sense, opposite to the principle of DEA in measuring efficiency compared with the efficient frontiers, i.e., DMUs in the reference set of the DMU concerned.
In another example, Lovell and Pastor (1995) use the standard deviation for each data. Specifically, they employ the measure (17) where aj represents the standard deviation of the data recorded for input i = 1, ... , m and a: represents the standard deviation for output r = 1, ... , s.
This measure is also affected by statistics over the whole data set and is not purely dependent on the reference set (frontiers) of the D MU concerned.
Interpretation of SBM as Product of Input and Output Inefficiencies
The formula for p in (5) Thus, we have the theorem.
The reverse of this theorem is not always true.
0
With regard to the ordering of DMUs, Dr. Thrall asked the author, in a
The answer is yes, if decision makers consent to employ the above definition of input/output inefficiency. There may be other possibility for measuring the means, e.g., the weighted means that reflect the intention of decision makers. We will discuss this issue in Section 4.2.
Relationship with the CCR Model
In this section, we will prove that the SBM p* is not greater than the CCR (Charnes-Cooper-Rhodes) efficiency measure (B*) and that a DMU is SBMefficient if and only if it is CCR-efficient.
SBM and the CCR Measure
The CCR model can be formulated as follows: 
Further, we add the constraint
SBM-Effi.ciency and CCR-Efficiency
The relationship between CCR-efficiency and SBM-efficiency is shown by the following theorem. 
Input-Oriented and Output-Oriented SBM Models
We will modify the SBM model by introducing a small positive number c:(<< 1) in the following ways:
Input-Oriented SBM Model
In this case we modify the denominator of the measure p by c: as:
This modification puts more emphasis on the input slacks than the output ones and corresponds to the input-oriented CCR model.
Output-Oriented SBM Model
We modify the numerator of p by i:: as:
This modification puts more emphasis on the output slacks than the input ones and corresponds to the output-oriented CCR model.
The former serves to find input surpluses rather than output shortages and the latter serves the reverse function. Decision makers or analysts can choose one depending on the purpose· of their analysis.
Regarding the above two models, we have developed the following theorems. Evidently, the last term is less than or equal to ii*.
Theorem 4 The optimal objective value Pin of the input-oriented SEN

A Modified Model with Weighted Slacks
D
We can modify the SBM measure p by incorporating weights w-and w+ into the input surplus s-and the output shortage s+, respectively, as follows: is unit-free, the weight w;-(wt) should represent the unit-free importance of the slack or the input (output) i.
Also, the combination of the weighted slacks model with the input or output-oriented SBM models deserves consideration.
The weighted model has a close connection with the goal vectors in Thrall (1997).
A Generalization of the SBM Model
We will generalize the SBM model by introducing a scalar parameter a (0 ::; We will observe two extreme cases of a:
•Case 1(a=1)
In this case, the objective function becomes 1-~ 1:~1 s; /xio
Thus, this case corresponds to the SBM model.
• Case 2 (a= 0)
We have the objective function as
The constraints can be transformed into:
Therefore, this case corresponds to the CCR model.
Let the optimal Pa be p~. Then we have, by Theorem 2 ,
Furthermore, the following theorem holds.
Theorem 6 p~ is decreasing in a.
Proof. First, we can rewrite Pa into: 
The Dual Program of the SBM Model as Profit Maximization
The Thompson and Thrall (1994) ), the cone-ratio models (Charnes et al. (1990) , Tone (1997 )) among others. These modifications will contribute to enhance the potential usage of the model.
We will now observe the role of the dual variables v and u as coefficients of the supporting hyperplane to the production possibility set P defined by (1) in Section 2. A supporting hyperplane to P satisfies the inequality -v:z: + uy :.:::; 0 for every (:z:, y) E P and touches P at least at one point in P, i.e., there is a point (:z:, y) that satisfies the equality -v:z: + uy = 0. In Figure 1 , the DMU (xe, Ye) is on the efficient frontier of P and the straight line H passing through (xe, Ye) is a supporting hyperplane. As is easily seen, such a hyperplane may not be decided uniquely.
For an inefficient DMU, e.g., (x 0 , y 0 ) in Figure 1 
Comparisons of Dual Programs in CCR and SBM Models
The dual program of the CCR model can be expressed as:
(50) 
Returns to Scale Issues
So far, we have dealt with the constant returns-to-scale situation as characterized by the production possibility set Pin (1). The variable returns-to-scale scenario will be introduced by imposing the convex constraint on A. as:
where e is the row vector with all elements equal to one.
We call the thus extended model the VSBM model. Since the production possibility set of the VSBM is the same as that of the BCC model (Banker et al. (1984) ), and VSBM-efficiency is equivalent to BOC-efficiency, the returns to scale characteristics of the VSBM-efficient DMUs can be decided in the same way as in the BCC model.
More concretely, let us begin to consider the dual program of the VSBM model that is:
subject to uY-vX-euo :::; 0 The combination of increasing and decreasing in the reference set never occurs.
How to Deal with Zeros in Data
So far, we have assumed that the data set is positive, i.e., X > 0 and Y > 0.
In this section, we relax this assumption and show how to deal with zeros in the input/output data and even negative output data. This will considerably expand the applicability of SBM to real world problems, which essentially involve systematic zeros in the input-output data matrix.
Zeros in Input Data
If x 0 has zero elements, we can neglect the slacks corresponding to these 
Zeros in Output Data
Suppose that y 0 has y 10 = 0. Then, the first output-constraint leads to: In this case, we can delete the term st /y 10 from the objective function, since st has no role in evaluating the efficiency of the DMU. The number of terms ( s) in the objective function should be reduced by one. It should be remembered that the term si /y1 0 in the objective function has the role of a penalty in this case, and that l/y 10 should be sufficiently large.
Finally, negative output data can be dealt using the same approach adopted for handling zeros in output data (Case 2). • Input: number of books (unit=lOO) and number of staff
A Numerical Example
• Output: number of registered residents (unit 1000) and number of borrowed books (unit=lOOO)
insert Table 1 Under the constant returns-to-scale assumptions, Table 2 compares the CCR (input-oriented) and the SBM (basic, input-oriented and output-oriented) scores and ranks. c: = 10-G was used in the input and output-oriented SBM cases. Also, Table 3 shows similar comparisons under the variable returnsto-scale assumption.
insert Table 2 insert Table 3 insert Table 4 The amount of slacks in the input and output-oriented SBM models is listed in Table 4 .
In Table 2 , it is observed that all SBM scores are less than the CCR It should be noted that the output-oriented SBM score of 16 (0.99791) is better than the (input-oriented) BCC score (0.99761). This is not unusual, since in the BCC model, the input-oriented scores are usually not equal to the output-oriented ones. Actually, 16 has 0.99854 as the output-oriented BCC score.
As expected, in the SBM model, the slacks in input/output are positively accounted for in the score.
Conclusion
This article has proposed a new scalar slacks-based measure of efficiency This measure satisfies such properties as unit invariance and monotone with respect to slacks. Furthermore, it is reference set dependent, i.e., the measure is decided only by its reference set and is not affected by statistics over the whole data set. Also, this model can be modified to cope with input or output-orientation. A generalization of this method showed that SBM has a close relationship with the CCR (BCC) model. The dual program revealed that SBM tries to find the maximum virtual profit instead of the maximum ratio of the CCR model.
The numerical example showed the compatibility of SBM with other measures and its potential applicability for practical purposes.
Although this study concentrated on the basic characteristics of the proposed model, further theoretical research and applications should be developed in diverse areas, including studies in the combinations of this method with other recent developments in DEA, e.g., the assurance region method and the cone-ratio models. 
